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1. Introduction

Ricci comparison theory is one of the most important tools of Riemannian geometry. In the Lorentzian setting, the
analogous tools and techniques lead to singularity theorems, which have had a profound impact in general relativity. The
discovery of the singularity theorems suggested to physicists that the theory of gravitation based on Einstein’s general
relativity required modification. The obvious modification, quantization, has proved to be inordinately difficult (though
deeply interesting), and for this reason and others, many modified classical gravitation theories have been proposed.

Some of these proposals have natural analogues in the Riemannian setting. Consider perhaps the best known example, the
inclusion of a scalar field non-minimally coupled to Einstein’s relativity theory. The primary example Brans-Dicke theory,'
which also predicts singularities if one casts the theory in a suitable conformal gauge so that it becomes the Einstein theory
with non-universal matter couplings, and applies energy conditions in that conformal gauge. However, this does not imply
that singularities are unavoidable if energy conditions are imposed in other conformal gauges which may be viewed as more
natural. It is therefore interesting to ask whether the singularity theorems hold only in the Einstein theory and perhaps in
other classical theories that can be made to resemble it, or whether they are more general.

The geometric setting for non-minimal scalar-tensor gravitation is but one of the uses of Bakry-Emery geometry (among
the others, the static Einstein equations have a Bakry-Emery description, and the so-called near horizon geometries satisfy
a very similar but somewhat more generalized theory?). We recall that the N-Bakry-Emery-Ricci tensor, or simply the
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N-Bakry-Emery tensor, is a generalization of the Ricci tensor Ric of a metric g on an n-manifold M. If in addition to g we
are given a real number N # n called the synthetic dimension and a twice-differentiable function f : M — R, the N-Bakry-
Emery-Ricci tensor is

df ® df

Ric' = Ric + Hessf — N (1.1)

—n
Here Hess denotes the Hessian defined by the Levi-Civita connection V of the metric g by Hessu := VZ2u. The synthetic
dimension derives its name from the fact that, when N > n is an integer, (1.1) is the expression for the Ricci curvature of an
N-dimensional warped product over (M, g). But N need not be an integer, nor need it be greater than n; indeed, it need not
be positive. There is also a tensor called simply the Bakry-Emery-Ricci (or more simply Bakry-Emery) tensor, given by

Rics := Ric + Hessf . (1.2)

There is by now a well-developed version of Bakry-Emery-Ricci comparison theory [1-3], in which bounds on the Ricci
tensor are phrased as curvature-dimension inequalities. This leads us to ask whether the singularity theorems hold when
conditions of curvature-dimension type replace and generalize so-called energy conditions in the Lorentzian setting.

Such questions were first asked by Case [4], where a Hawking-Penrose type singularity theorem is proved, as is an
N-Bakry-Emery version of the Lorentzian Cheeger-Gromoll splitting theorem when N > nor when f < kand N = oo.
Singularity theorems of cosmological type were found in [5] and [6], as were splitting theorems in the rigidity cases. These
cases arise when conditions are arranged so that singularities are avoided. Splitting theorems show that this can only occur
when the geometry is of a special split type, typically a Lorentzian product, warped product, or perhaps a twisted product.
An interesting feature of the Bakry-Emery theory is that the rigidity is somewhat relaxed for a critical value of the synthetic
dimension N.

At this point, a fairly complete picture is developing. There remain, however, several open issues. Most obvious among
them is the extension of some of Case’s results to negative (and small positive) synthetic dimension N, as well as the
generalization to null rather than timelike curvature-dimension conditions. In this paper, we are able to extend the timelike
splitting theorem of [4] to N < 1, including negative N, and to N = 1 with the optimal weaker warped product rigidity. We
are also able to prove a Bakry-Emery version of Galloway’s null splitting theorem [7]. The latter theorem has the feature that
the critical synthetic dimension in which rigidity relaxes is N = 2, whereas it is N = 1 for the timelike theorem.

We recall the following definitions.

Definition 1.1. Given functions f and A and a real number N (the synthetic dimension), if Ric} (X, X) > A for all unit timelike
vectors X (i.e., g(X, X) = —1) then we say that the timelike curvature-dimension condition TCD(X, N) holds for (M, g, ).

We note that A is usually taken to be constant. We also state an analogous definition in terms of null vectors, but only for
A = 0 to make the definition rescaling invariant.

Definition 1.2. If RicN(X, X) > 0 for all null vectors X (i.e., g(X,X) = 0) and a given function f, we say that the null
curvature-dimension condition NCD(N) holds for (M, g, f).

For the critical synthetic dimensions N = 1 in the timelike case and N = 2 in the null case, there are natural associated
projective and conformal structures respectively. (See Section 4 for further details.) We define the notion of f-completeness
to be the respective completeness conditions for these structures. These both turn out to be integral conditions for the
potential function f along inextendible geodesics.

Definition 1.3. We say a future-inextendible timelike geodesic y : [0,T) — M, T € (0, o], is future f-complete if it is

ic) .
complete with respect to the parameter s(t) := fot e n=Tdr, t € [0, T), where we abbreviate f(t) := f o y(r). We say
a future-inextendible null geodesic y : [0,T) — M, T € (0, o], is future f-complete if it is complete with respect to the

2/(7)
parameter 5(t) = fot e w=2dr, t € [0, T). Past f-completeness is defined dually. A timelike or null geodesic that is both
future and past f-complete is said to be simply f-complete. A spacetime obeys the timelike (null, nonspacelike) f -completeness
condition if every complete timelike (null, nonspacelike) geodesic is f-complete.>

We are now in a position to state our main theorems. The first theorem extends Case’s f-Bakry-Emery Hawking—Penrose
singularity theorem [4, Theorem 4.6] to negative synthetic dimension, while also weakening his boundedness condition on
finthe N = oo (in our nomenclature, N = —o0)* case.

Theorem 1.4. Let (M, g) be a chronological spacetime with dimM =: n > 3 satisfying the f-generic curvature condition (see
Definition 2.1), the TCD(0, N) condition with N € [—o0, 1] U (n, 0o) and, for N € [—o0, 1], the f-completeness condition. Then
(M, g) is nonspacelike geodesically incomplete if any one of the following conditions holds:

3 Note thata spacetime may obey an f-completeness assumption while containing a geodesic y which is not f-complete, provided y is also not complete.
Also, f-completeness of a geodesic does not imply that the geodesic is complete if f is unbounded.

4 Since N = 0o and N = —oo denote the same limit, we generally denote this limit by N = —oo except when referring to [4].
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(1) M has a closed f-trapped surface.
(2) (M, g) has a point p such that every inextendible null geodesic through p is f -reconverging somewhere.
(3) M has a compact spacelike hypersurface.

We note several points. First, we remind the reader that TCD(0, N) implies NCD(N) by continuity. Next, note that the
f-complete condition holds whenever f has an upper bound on M, so this condition may be regarded as a weakening of
Case’s assumption that f is bounded above when N = oo. Finally, this theorem is proved in [4] when N € (n, co) with no
assumption on f, so we will concern ourselves only with N € [—oo, 1] (which, as we note, includes N = c0).

Now a natural question to consider is whether the f-generic condition is necessary. When f-terms are not present,
singularities can be avoided but the geometry can be expected to exhibit rigidity. A standard result is the Cheeger-Gromoll
splitting theorem in Riemannian geometry. Timelike and null versions exist in Lorentzian geometry, and Case extended the
timelike theorem to the Bakry-Emery case with N € (n, oo] (again with f assumed to be bounded if N = co). We are able to
extend the timelike splitting theorem as follows.

Theorem 1.5. Let (M, g) be a timelike geodesically complete and f-geodesically complete spacetime with an f -complete timelike
line.

(i) If (M, g) obeys TCD(0, N) for some N € [—o0, 1) then (M, g) splits as a Riemannian product ds*> = —dt?> 4+ hand f is
independent of t.

(ii) If (M, g) obeys TCD(0, 1) then f splits as a sum f = F(t) + G(y*) and (M, g) splits as a warped product ds* =
—dt? 4+ XFO/-Dpon M =R x X 5 (¢, y%).

In [7], Galloway gives a null splitting theorem for Lorentzian geometry. The null splitting theorem has not previously
been extended at all to the Bakry-Emery case, not even for N > n. We obtain the following null splitting theorem:

Theorem 1.6. Let (M, g) be a null geodesically complete spacetime containing a null line n.

(i) If (M, g) obeys NCD(N) for some N € [—o0, 2) U (n, oo] and (M, g) is f-complete when N € [—o0, 2) U {oo} then 5 is
contained in a smooth closed achronal totally geodesic null hypersurface S and f is constant along the null generators of S.
(ii) If (M, g) obeys NCD(2) and is f complete then n is contained in a smooth, closed, achronal, totally umbilic null hypersurface.

If Theorem 1.5 and [4] are a guide, it would seem reasonable to expect that Theorem 1.6 may hold for N € (n, oo)
without the f-completeness assumption. This could potentially be proved by revisiting the maximum principle argument
of [7], similar to what was done in [4] for the timelike case. As the zero f-mean curvature condition is nonhomogeneous,
one would presumably seek a generalization of Galloway’s maximum principle argument to a nonhomogeneous condition
on a null hypersurface. This is primarily an analytic question, with independent interest and using techniques beyond those
of geodesic geometry, so we have chosen not to pursue the question here.

Any effort to make our argument self-contained would entail significant redundancy with [4] and [8]. Therefore, we
mostly limit discussion to those details where our arguments differ from those of [4]. We refer the reader to that reference for
those parts of the proof that can be applied here with little or no modification. For general theoretical background, including
Jacobi and Lagrange tensors and Busemann functions, see [8].

This paper is organized as follows. Section 2.1 establishes conditions for the existence of conjugate pairs of points along
timelike geodesics subject to curvature-dimension conditions (especially with N € [—oo, 1]). Section 2.2 contains similar
results for null geodesics. Section 2.3 contains the proof of Theorem 1.4. Section 3.1 contains estimates for Busemann support
functions needed for the timelike splitting Theorem 1.5, whose proof is given in Section 3.2, except for part of the argument
in the N = 1 case which is postponed until the next section. Section 4 contains a discussion of weighted projective and
conformal connections which arise naturally in the critical cases (N = 1 for the timelike splitting theorem, N = 2 for the
null splitting theorem). We are then able to complete the proof of Theorem 1.5 when N = 1 by showing that the local warped
product splitting proved in Section 3.2 can be promoted to a global splitting. Section 5 contains the proof of Theorem 1.6.

1.1. Conventions

Our convention for the synthetic dimension is such that N = n is the case of standard Lorentzian geometry. Other authors
sometimes refer to m = N — n as the synthetic dimension. We denote the limit N — oo by writing N = oc. There is no
distinction between this limit and the limit N — —o0, so we regard N as if it were valued on a line compactified at infinity,
and often denote the infinite N limit by N = —oo0. When we state that a theorem is valid for, say, (n, co] or [—o0, 1), we
mean that the limit of infinite N is included.

2. Conjugate points

In this section, we adapt the arguments of [4, Section 3] to our assumptions when N = oo and when N < 1 for the
timelike splitting theorem and to N < 2 for the null splitting theorem. Almost all of this section is standard textbook material
(see, e.g., [8]) generalized in [4-6] to include f-terms. We further modify extant results where necessary to account for the
replacement of the usual boundedness condition on f with our milder condition of f-completeness when N € [—oo, 1], but
will avoid unnecessarily repeating derivations that appear elsewhere. In what follows, A is a Jacobi tensor along a future-
timelike or future-null geodesic y. For background on Lagrange and Jacobi tensors, see [8].
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2.1. Conjugate pairs along timelike geodesics

Let the spacetime dimension be n > 2. For y a future-timelike geodesic, let y'(t) = d%y where t denotes a proper time
parameter. Our starting point is the f-Raychaudhuri equation [4, Proposition 2.9] governing the expansion scalar 6. We begin
with a few definitions. The f-expansion scalar 6, defined in terms of the usual expansion scalar § = A’A™" for A a Jacobi
tensor along y, is

O =0—-V,f=06—-f, (2.1)

where we abbreviate f'(t) := (f o y)(t). In fact, 6 is the trace of the endomorphism By which, for a Jacobi tensor A along
timelike geodesics, is

By =AA"" — (Vyf)id. (2.2)

1
(n—1)
Here id is the identity on the orthogonal complement to y’(t). (It can be convenient to regard By as a tensor on M, and then
id is the projector into the orthogonal complement of y’(t).) Then Case shows that 6; obeys the Raychaudhuri equation (see
also [6, equation (2.5)]), which in the vorticity-free case is

. 1 (1-N)
0, = —Ric¥(y', y') — tra? — 07 + 26 |+ 2, 2.3
i (YY) i (n_])|:f i(foy) (n—N)UOy) (2.3)
where the shear o = oy is the tracefree part of By. We note that [4, Proposition 2.9] includes non-zero vorticity w, but we
need only consider the vorticity-free case here. If the vorticity vanishes at any point along y then it vanishes at every point
along y. It is convenient to normalize 6; by writing

0
o= n—7f1 (2.4)
Then (2.3) is
;o 1 s N/ ’ 2 2 2Xf(fO)/)/ (N_ 1)(fo)/)/2
X = o G 0o = = S N = 17 (25)

The strategy here is that ; := 0 — V,.f := tr (AA™") — V,,f = G4 _ ¢ £ so thatif |6;| — oo ast — b, since f is
differentiable then || — oo and A must be degenerate at t = b. We will use this to find conjugate points along y.
Case shows that By evolves along the geodesic y so as to obey the usual matrix Riccati equation modified by f-terms

[4, Proposition 2.8], namely

2f’
/o 2
Bf = — Ry — B} — e 1)Bf,
Iz (2.6)
Rf :=Riem(-, )y’ Hessf(v', y’ id
f ( )/))/+(n_1)< f(y y)+(n_1)>
To fix conventions, Riem is as given by [8, equation 2.10]. A simple calculation shows that
. (1-N)
trRy = RicM(y', ') + ———f". 2.7
1 (v )’)+(n_N)(n_1)f (27)

Definition 2.1 ([4], Definition 3.1). A timelike geodesic satisfies the f-generic condition if Ry is nonzero somewhere along it. A
spacetime satisfies the timelike f-generic condition if every inextendible timelike geodesic satisfies the f-generic condition.

We see from (2.7) thatif N < 1 or N > n (including N = o0) then the timelike f-generic condition will hold provided
Ric}\’ (y’,v’) > 0 somewhere along each complete timelike geodesic.

Lemma 2.2. Let dimM = n > 2andlet N € [—oo0, 11U (n, o0]. Let y : R — M be an inextendible timelike geodesic; if
N € [—o0, 1] then further require that y be f-complete. Assume that TCD(0, N) holds along y and that y has a point y(t;) such
that R¢(t1) # 0. Then either y has a conjugate pair of points, or y is incomplete.

This is a modified version of [4, Proposition 3.4]. Forn < N < oo the proof given in [4] suffices, but for N = co Case’s
proof has a stronger condition on f than what we assume. Since N = oo and N = —oo are the same here, we can restrict
attention to N = [—o0, 1]. We need the following result, which is a focusing lemma established in [6] which extends Case’s
Lemma 3.3to N = [—o0, 1] with the f-completeness condition.

Lemma 2.3. Let y be a future complete and future f-complete timelike geodesic along which TCD(0, N) holds for some N €
[—o0, 1]. If there is a ty in the domain of y such that 6(ty) < O then there is a point conjugate to y(to) along y.
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Proof. Under these conditions, [6, Lemma 2.2] can be applied, from which we may conclude that x; — —ocast  t; for
_Ylp) . o .
some t; € | to, to + ﬁe =1 ] Then we observe that y — —oo == 6 — —oo since f is differentiable. O

Definition 2.4 (Cf [4, Definition 3.8]). Let y be a complete timelike geodesic and say that R:(y(t1)) =
the set of all Jacobi tensor fields A along y such that A(t;) = id. We define L, = {A € A : 6(t)
L ={AeA: ef(t]) = trA(t;) < 0}.

Ry (t1 );AOLetAbe
= trA’(t;) > 0} and

Lemma 2.5 (Cf[4, Lemma 3.9]). Let y be a complete and f -complete timelike geodesic such that R¢(y (t1)) := Ry(t1) # 0. Assume
that TCD(0, N) holds for some fixed N € [—o0, 1]. Then for each A € L_ there is a number t, > t; such that detA(t;) = 0, and
foreach A € L, thereis a number ty < t; such that detA(tp) = 0.

Proof. The proof is exactly as given for [4, Lemma 3.9] except that it relies on Lemma 2.3 instead of [4, Lemma 3.3]. O

Then the proof of Lemma 2.2 follows, just as the proof of [4, Proposition 3.4] follows from [4, Lemma 3.9]. Furthermore,
we have the following corollary of Lemma 2.2.

Corollary 2.6. Let dim M = n > 2 obey the f -completeness condition, let the timelike f -generic condition hold, and let TCD(0, N)
hold for some fixed N € [—o0, 1]. Then each complete timelike geodesic has a pair of conjugate points.

2.2. Conjugate pairs along null geodesics

Now we must take the spacetime dimension to be n > 3. For y a future null geodesic, let y 4., where t denotes
an affine parameter. The orthogonal complement to y’ now contains y’, but variations along y can iae absorbed by the
parametrization, so we quotient out by ¢’ as discussed in [8, Section 10.3]. The rank of Jacobi tensors Aat generic points is
then n — 2; we use an overhead bar to recall the reduced rank. We let 6 denote the expansion scalar for A, X; denote the
normalized expansion scalar, and & = oy denote the corresponding shear, so that

- 1
Bf =AA"! — v, f)id
5 =67 = h(-, Br) LIPS
o =0y = h(-,Bf) — ,
! T (2.8)
éf =0 — Vy'f = U'Bf s
_ 6
LA

with id the identity on y/{l, the orthogonal complement of y’ quotiented by y’, and h the induced metric. Then the
Raychaudhuri equation for null geodesics is

_ 5 62
9/ — _ R /! !/ _ = _
iy y)=o" = ——
5 0 2foyy, W=-2)((oy))
0, = —RicM(y', ) — tr62 — o O — (2.9)
=Y G y) -t — o~y T TN —2)
_ 1 . _ _ 2x¢f’ (N=2)
;o RicV(y'. v') + tré2) — %% — f. _ "W,
=% =~ oy RGO ) =X - - )
The evolution equation for By is
. - 2f -
B = —R — B — Br,
/ =5 (n—2) !
(2.10)
D . INA,/ 1 f( ’ /)+ f/z id
Rf :=Riem(-, y")y" + Hessf(y', v id .
! (n—2) (n—2)
The trace of the second equation in (2.10) yields
2
trRy =Ric(y’, ') + Hess(y', y') + (nf 2
N (2.11)
—rif + 2N g
(n—N)(n—2)

The trace on the left-hand side is taken over the quotient space; see [8, Proposition 2.12] for calculational details.
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In analogy to Definition 2.1 we now define

Definition 2.7 ([4], Definition 3.1). A null geodesic satisfies the f-generic condition if Rf is nonzero somewhere along it.
A spacetime satisfies the null f-generic condition if every inextendible null geodesic satisfies the f-generic condition. If
a spacetime obeys both the timelike and null generic conditions, we say that the spacetime obeys the generic curvature
condition.

We see from (2.11) that if N < 2 or N > n (including N = o00) then the null f-generic condition will hold provided
Ric}"(y/, y’) > 0 somewhere along each complete null geodesic (cf [8, Proposition 2.12]).

It is well-known that, in the absence of f-terms, the equations governing timelike geodesics map to those governing
null geodesics under the replacement n — n — 1, and that modulo this replacement the analysis of the null Raychaudhuri
equation follows precisely as it does for the timelike Raychaudhuri equation. We see from the above equations that the
same is true in the f-Bakry-Emery case provided we also make the replacement N — N — 1. Lemmata 2.2 and 2.5 carry
over, mutatis mutandis, with n > 3 now and N € [—o0, 2], as does Corollary 2.6, which reads

Lemma 2.8. Let dim M = n > 3 obey the f-completeness condition, let the null f-generic condition hold, and let TCD(0, N) hold
for some fixed N € [—o0, 2]. Then each complete null geodesic has a pair of conjugate points.

2.3. Singularity theorems

Before proving Theorem 1.4, we first extend Case’s singularity Theorem, [4, Theorem 4.4], to negative N, while relaxing
his boundedness assumption on f when N = oo. If a spacetime is chronological (i.e., has no closed timelike curves) and if
every inextendible null geodesic has a conjugate pair, then the spacetime is strongly causal (every point has a neighborhood
to which no nonspacelike geodesic beginning that point, having exited, returns) [8, Theorem 12.39].

We recall that a spacetime is causally disconnected if it contains a compact set K and sequences p, and q, € I'*(p,)
diverging to infinity (i.e., escaping any compact set as n increases) such that every future-causal curve from p, to g, intersects
K. A chronological spacetime is one with no closed timelike curves.

Theorem 2.9. Let (M, g),dimM = n > 3, be a chronological spacetime which is causally disconnected and satisfies the f -generic
and TCD(0, N) conditions, N € [—o0, 1]. Then (M, g) is nonspacelike geodesically incomplete.

Proof. Because TCD(0, N) holds, so does NCD(N). By Lemma 2.8, every complete null geodesic has a conjugate pair. Then
either the spacetime is strongly causal or it contains an incomplete null geodesic. But every strongly causal, causally
disconnected spacetime has a nonspacelike line [8, Theorem 8.13], which necessarily has no conjugate points and which
cannot be complete as it would violate Corollary 2.6 or Lemma 2.8.> O

To prove Theorem 1.4, we need a focusing lemma for null geodesics orthogonal to a codimension-2 spacelike hypersurface
X .Tothat end, let p € X and define the second fundamental form K : T;—E X T2 x T2 : (v,x,y) = —g(v, VxY), where
X and Y are smooth extensions of x and y to a neighborhood U of p. If v is actually the tangent field (in U) to a congruence of
null geodesics including B, then the Leibniz rule yields B = K(8’, -, -). The associated null mean curvature is tr,K =: 6, with
h the induced metric on X.

Lemma 2.10 (Cf [4, Lemma 4.10]). Let (M, g) be a spacetime with dimM =: n > 3, and let 8 : ] — M be an inextendible
null geodesic that meets X orthogonally at p = B(to). Assume that NCD(N) holds along 8 with N € [—o0,2] U (n, co]. If
N € [—o0, 2], suppose as well that (M, g) obeys the f -completeness condition. Let 6(to) be the null mean curvature of X defined
along the B congruence at p and let 6y .= 0 — Vgf.If 6 = —8 < 0 at p, then there is a focal point to X' along B at some
t € [to, to + jen] where

1, N € (n, 00)
EN = {E—Zf(p)/(n—Z), N €[00, 2] (2.12)

provided B can be extended far enough to the future. Dually, if 6 = a > 0 at p, then there is a focal point to X along B at some
t €[ty — %EN, to], provided B can be extended far enough to the past.

Proof. For N € (n, 0o), this is proved as [4, Lemma 4.10]. Beware the sign convention for the second fundamental form used
there is that of [8], and differs from ours (which corresponds to that of [7]).

For N € [—o0, 2], the proof is that given in the timelike case in [6, Lemma 2.2] with n replaced by n — 1 and N replaced
byN—-1. O

Now we follow a well-worn path. In the proof below, we apply Lemma 2.10 with N € [—o0, 1] (we do not need that the
Lemma also holds for N € (1, 2] here).

5 Atone point in the discussion, [4] cites stable causality, but [8, Theorem 8.13] requires only strong causality (a strictly weaker condition).
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Proof of Theorem 1.4. Say that (M, g) contains a closed f-trapped surface S, a closed codimension 2 spacelike surface such
that, for both null geodesic congruences that leave it orthogonally, the f-modified expansion scalars ; are both negative (or
both positive). Then the expansion scalars are bounded away from zero on this surface, so every complete null geodesic in
these congruences will have a focal point within a uniformly bounded Lorentzian distance to the future (to the past if the
scalars are positive). Then either at least one of these geodesics is incomplete, or the future (or past) of S is compact and S is
a trapped set. This is [4, Proposition 4.9]. Then we have a chronological spacetime in which, by Corollary 2.6 and Lemma 2.8,
every complete nonspacelike geodesic has a conjugate pair, and which contains a trapped set. But by [8, Theorem 12.43]
(or [4, Theorem 4.6]), (M, g) must contain an incomplete nonspacelike geodesic. This proves Theorem 1.4 under assumption
(1) of the theorem, that (M, g) contains a closed f-trapped set.

To prove that assumption (2) yields the theorem, consider a null geodesic 8 with initial endpoint f-reconverging at some
p = y(to) to the future (say; a dual argument works to the past) of y(0). Recall that a future-null geodesic § : [0, b) — M,
y(0) = p is f-reconverging at B(ty), to € [0, b), if there is a Lagrange field A along 8 with A(0) = 0, A’/(0) = id, such that the
associated f-expansion scalar obeys 67(ty) < 0. But by Lemma 2.8, if the geodesic is future-complete, there will be a point
along it conjugate to p. Now since the space of future directions at p is compact, this implies that the future boundary of p is
compact, and so p is a trapped set. As above, this and [8, Theorem 12.43] (or [4, Theorem 4.6]) together imply the existence
of an incomplete geodesic.

Finally, that assumption (3) implies the theorem follows from remarks in [8, pp 471-472], where it is argued that a closed
surface S, if achronal, must be its own future boundary, and since it is also compact, it is therefore future-trapped, and then
incompleteness follows as above. If S is not achronal, one can pass to a Lorentzian covering space in which the lift is achronal
and thus future-trapped, implying that the covering spacetime is incomplete. But then the original spacetime is incomplete
aswell. O

3. The timelike splitting theorem for N € [—o0, 1]
3.1. Maximum principle

In this section, we adapt the arguments of [4, Section 5]. We consider in particular [4, Lemma 5.5], which is a computation
based on the second variation of arclength along a timelike geodesic. In what follows, d indicates Lorentzian distance; i.e., the
supremum of proper time along all timelike curves joining two points. We recall the following definition.

Definition 3.1. Let S be a subset of M. A future-inextendible nonspacelike geodesic @ : [0,a) — M is a future S-ray if
d(S, a(t)) = tforallt € [0, a). An «(0)-ray is simply called a ray. Past-directed S-rays are defined dually.

In particular, future-timelike rays maximize the Lorentzian distance between any two of their points.

Lemma 3.2 (Cf [4, Lemma 5.5]). Let (M, g) obey TCD(O, N) for N € [—o0, 1] and let o : [0,00) — M be a ray. Define
d;(x) := d(x, a(r)) be the Lorentzian distance from x to «(r) and let o : [0, p] — M be a past-directed maximal timelike geodesic
froma(r) =o0(0)toq = o(p) € I (a(r)). Then

Ardi(q) == Adr(q) — g(Vf, Vdi(q))

(n— 1)e;,3£<{’} (3.1)

s(p)

> —

’

—2f(a(t))
where s(p) = [ e (=1 dt.

Proof. Following the proofin [4], we use the maximality of o and the second variation formula for arclength for a variation
through geodesics based about o with variation vector field v to write

0= 1"(0) = —g(o”, Vyv)|g = I(v, v).,

i (32)
I(v,v) = / [g(v",v") — g (Riem(v, 0')o”, v) ] dt ,
0

where I(v, v) is the index form and () := %( ) denotes differentiation with respect to t. Re-parametrize the geodesic o with
—2f(o(t)) . . . .
the parameter s(ty) = foto e -1 dtandlet(’) := %( ) denote differentiation with respect to the parameter s.

Asis shown in [9, Proposition 4.1] in the Riemannian case, the index form can be given a very clean formula when written
in terms of the parameter s. For a variation field w, consider

! L . Loy ! ! /B no
1(e<n4)w,e<n—ww>= g (em—ww),(e(n—ww) — e g (Riem(w, o' )o’, w) | dt (3.3)
0
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Expanding the first term in (3.3) and integrating by parts gives

4 f / f /
/ g (e(n—l) w) s (e(n—l) w) dt
0

=, e g(w,w)—i—i(e )(g(w,w))—i—e — g(w, w) |dt (3.4)

N by " ’ 2
— E(e("—f“) g(w’ w)|g +A e(n—fl) |:g(w/, w/) - (nf_ 1) - (nf; 1) :| dt

Plugging (3.4) back into (3.3) gives us

I / 1/ 2 v/ 0 L ;.
(e w, et 0w) = 2 (em0 ) glw, w)f; + [ €00 [gw', w) = Re(w, w)] de
0

. (3.5)
f s(p) 4
_ glw, w)|? +/ (g, ) — em TR (w, w)) ds
(n—1) 0
where Ry is the (0, 2)-tensor obtained from the endomorphism defined in (2.6) by lowering an index.
Choose an orthonormal basis {e(1), ..., en—1), m = o’(0)} at o(0) and extend it to a neighborhood of o by parallel
~[((p)) “to(p)
transport. For each i, let v; = S(%e(i) and w; = e (1) vi=e (1) ﬁei. Plug these into (3.2) and (3.5) and sum over i to
obtain
n—1
0> — Adi(q) = Y I(vi, vi)
i=1
n—1 r
= = Ad(@) = Y1 (T T wi, ey
i=1
n—1 52f/ 0 s(p) ] ) e
= — Ad(q) — S————g(ei, &)y + (g(w,-, w;) — e=D Re(wj, w,-)) ds
— | s*(p)(n—1) 0
i=1 (36)
( ]) f( (a%}))
n—1)e -
= — Adi(q) — Vo f(p) —
s(p)
Aoty ) s2eTeD N (1—N)y"
+e -0 / ——— |Ricf(0/, 0" )+ —————— | ds
o (s |7 (n—N)(n—1)
( . =2ftelo)
n—1)e -
> — Adi(q) = Vo f(p) — —F
s(p)
using condition TCD(0, N) with N € [—o0, 1]. Using that V,.f(p) = g(o’, Vf) = —g(Vd,, Vf), then this implies that
( . 2
n—1)e®=
Apdi(q) = — 2 (37)

s(p)
as claimed. O

We use this estimate to extend the maximum principle for the Busemann functions to the TCD(0, N) condition for N < 1.

First recall the definition of a timelike Busemann function and associated upper support function. We give only basic
definitions; for details see [8, Section 14.2] or [10]. Given a future-timelike ray y : [0, c0) — M parametrized by proper
time (i.e., unit speed), the Busemann function b : M — R is defined by

b(q) := by (q) := lim b(q) := Jim (¢ —d(q, y(£))) - (3.8)

t—00

Busemann functions are not necessarily differentiable, so it is helpful to define smooth support functions. To do this, one
first considers an asymptote « : [0, 0c0) — M to y beginning at some ¢ = «(0) € M. This is the limit curve of a sequence
of maximal timelike geodesics that each begin at g and end at y(t,), where n indexes the sequence and t, — oo. More
generally, if the initial endpoints are not all g but are instead a sequence g, — ¢, the limit curve « is called a generalized
co-ray (all asymptotes are generalized co-rays). The generalized co-ray condition holds at q if, for y a future-timelike S-ray
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and q € I'(S)NI~(y), every generalized co-ray from q to y is timelike. Finally, upper support functions bq ((x) are defined by

bp.+(x) = b(p) + t — d(x, «(t)) . (3.9)

As in [4] we let Hf x = Hx — g(Vf, v), where v is the future pointing unit normal along ¥, and we are using the sign
convention Hx = divv = V'y,.

Theorem 3.3 (Cf[4, Theorem 5.7]). Let (M, g) be a future timelike geodesically complete and f -complete space-time which obeys
the TCD(0, N) condition for N € [—oo, 1] and let y be a timelike future S-ray. Let W C I~ (y )NI*(S) be an open set on which the
generalized timelike co-ray condition holds. Let ¥ C W be a connected smooth spacelike hypersurface with nonpositive f-mean
curvature Hy » < 0. If the Busemann function b = b;’ attains a minimum along X, then b is constant along X.

The proof will follow exactly along the lines of the proof given in [4, Theorem 5.7]. There Case establishes that, for
a : [0, 00) — M atimelike asymptote to y at a point p, the upper support function b, (x) defined by (3.9) satisfies

(N —1)/t, N>n

-1 2 2 [*
At =N 2D )+ 5 [foo. Moo
0

(3.10)

He then takes the limit t — oo and uses that the limit is nonnegative, modulo an error which can be dominated by a negative
term in a subsequent step of the calculation.
We will instead prove that, for N = [—o0, 1], using our assumption of f-completeness, then

limsup (Asbp) (p) <0. (3.11)
t—o00
This replaces the estimates (3.10), and then the remainder of Case’s proof goes through. This overlaps with Case’s m = oo
result, which we characterize as N = —oo. Thus we obtain the necessary result in this case from f-completeness, without
needing Case’s assumption that f is bounded above.

Proof. From Lemma 3.2 we have that
—2f(p)
(n— 1)1
(Arbpe) (p) = ———, (3.12)
t

. . . . - . —2f(0r(r))
where o; is a unit speed past-directed maximal timelike geodesic from ¢;(0) = «(t) to o¢(p;) = pand s; = 0" Cen-T o dr.

Eq. (3.11) follows if lim;_, .S; = oo. Suppose not. Then we have a sequence t; — oo such that s, < A for some constant
A. Consider the sequence of unit vectors —o[’i (pg;) at p (note that p = oy,(py;)). A subsequence converges to a timelike vector
u at p and we obtain a timelike future-directed ray g with 8(0) = p and 8/(0) = u. A subsequence of the geodesics oy,
parametrized with the opposite orientation, converges uniformly on compact sets to 8. The condition that s, < A then
contradicts the f-completeness assumption of theray 8. O

3.2. Proof of Theorem 1.5

Now assume that y is a timelike line and that TCD(0, N) holds for N € [—o0, 1]. Furthermore, assume that f-completeness
holds along y in both future and past directions. By Corollary 2.6 the f-generic condition must fail. We will first seek only local
splitting in a neighborhood of y. In the cases where the splitting is a direct product splitting, the extension to global splitting
is discussed in, e.g., [8, Section 14.4] and the argument does not depend on the presence of f or the synthetic dimension N.
In the case of a warped product splitting, we will discuss the extension to a global splitting in the next section.

Once the constancy of b along X' has been established, Case shows that if y is in fact a line (rather than merely a ray),
the argument can be run both in the future and past directions. Then the respective restrictions of y to the future and to
the past yield rays and corresponding Busemann functions, denoted bf, such that bt = b~ = 0 along X. Then future- and
past-timelike asymptotes to y can be constructed from each x € X. These are focal point free and meet X' orthogonally, so
future- and past-directed asymptotes can be joined to form timelike lines. By arguments given in [8, Section 14.4], one now
obtains a tubular neighborhood U of y. The normal exponential map along X is a diffeomorphism onto this neighborhood,
giving a foliation whose leaves are images of X'. The timelike geodesics orthogonal to X' are conjugate point free. All of this
reasoning is standard and does not require any assumption on the synthetic dimension nor on f except for what is necessary
to establish the constancy of b along X.

The leaves have mean curvature H which obeys the Raychaudhuri equation, which for x; = nHTfZ = ﬁ (H=V,f)is
the same equation as (2.5) and [6, Equation 2.7]. We re-write it as

_ ’ _ 2
e%(enszle) +xfg:_ (1 N)

TR (3.13)

1 s Neo7 2
m [Rlcf ()/ y ]//) + tl‘af] —
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where now we take y := exp,tv to be any timelike geodesic that meets X orthogonally; p = y(0) € X, v = y’(0) € TL 3.
Taking p to lie on any leaf of the foliation, since the congruence exp,(tv), v = y’(0), has no focal points, it now follows
from [6, Lemma 2.2] and the TCD(0, N) condition that x; = Hy = 0 all along the foliation of U. Then from (3.13) we have
Ricf(y',y') = 0,0y = 0 = 0,and either f' =0 orN = 1.

For N € [—o0, 1), f is then constant along y so Ric}\’(y’, y') = 0 = Ric(y’, y’) = 0,and Hf = 0 = H = 0. Since
of = o = 0 as well, the foliation is totally geodesic, yielding the required foliation in the tubular neighborhood of our
original line y. The metric splits as ds? = —dt? + e/~ = —dt? + h where we may write that h := e%/("~Vf since f is
independent of t.

For N = 1, we have Ric}(y’, y') = 0,0r = 0 = 0,and H; = 0. The latter implies that H = V,f. Combining this with
of = o = 0, we see that the metric splits as a twisted product

g = —dt? + e¥/-Vj (3.14)

for some metric h = flaﬁdy"‘dyﬁ on X and some f(t, y*) (with y* denoting coordinates on X'). Then the Gauss-Codazzi-
Mainardi equations yield

a 9 —2)0H —-2) 32
Ric| —, — :_(n )7:_(n ) &S ) (3.15)
ot ay“ (n—1) a0y~ (n—1)otay~
and a simple calculation gives
a9 1 d ] 32
Hessf | —, — | + —,df ){—.df ) = ! . (3.16)
ot 9y~ (n—1)\ot Iy« atay“
Adding these yields
a 9 1 92
Ric; [ —. — ) = ! ) (3.17)
ot oy~ (n—1)otay~

But the TCD(0, 1) condition Ric} (X, X) > Ofor all timelike vectors X and the result above that Ricfl(y/, y’) = Otogether imply
that Ric/ ( o 2 ) = 0.° Hence f splits as f(t, y*) = F(t) 4+ G(y*). Writing the metric on the leaves X as h := e**/""1g we

At 9y
now have the warped product splitting

ds® = —dt? + ¥ O/(=Dp (3.18)

We therefore have the claimed splittings on a tubular neighborhood U of the original timelike line y. For N € [—o0, 1)
the splittings may be extended globally precisely as described in [8, pp 557-561]. In that case, the proof of Theorem 1.5 is
now complete.

For the case of N = 1, we have at this stage only a local warped product splitting. The factors in the splitting are timelike
geodesics and spacelike totally geodesic hypersurfaces with respect to a projectively related connection which we describe in
the next section. The arguments in [8] can be adapted to this connection, yielding a global warped product splitting. Modulo
the details of the local-to-global argument, the proof in the N = 1 case is now also complete. However, those details make
use of some technology developed in the next section, after which we can explicate the key details in the local-to-global
argument.

4. Weighted and conformal connections
4.1. Definitions and properties

Let (M, g) be a pseudo-Riemannian manifold with a smooth function f. In this section we summarize the notion of a
weighted connection for the triple (M, g, f) which is projectively equivalent to the Levi-Civita connection. Two connections
are called projectively equivalent if their geodesics are the same as sets. In the Riemannian case, this connection was
investigated in [ 11], however much of the basic properties hold more generally for pseudo-Riemannian spaces. In this section
we review these properties.

The starting point for our weighted connection is the following observation.

Proposition 4.1. Given an orientable pseudo-Riemannian metric (M, g) and a smooth volume form u there is a unique torsion-
free linear connection which is projectively equivalent to the Levi-Civita connection and makes (. parallel.

6 To see this, consider any (0, 2)-tensor T such that T(v, v) > 0V v withg(v, v) = —1.Let {e, e;} be an orthonormal basis and assume that T(eg, eg) = 0.
Let a(t), b(t) take values on the unit hyperbola —a® + b?> = 1, so that a(0) = 1, a’(0) = 0, b(0) = 0, b'(0) = 1. Construct w;(t) = a(t)ep + b(t)e;. Then
g(w;j, w;) = —a? + b> = —1 (no sum here) and w;(0) = e. Also, wj(0) = e;. Now since g(w;, w;) = —1 we have T(w;, w;) > 0, and since w;(0) = eg we

have T(w;(0), wi(0)) = T(ep, eg) = 0. Then t = 0 s a critical point of T(w;(t), w;(t)). Thus 0 = d%|[:0 (T(w;, wi)) = 2T(w;(0), w(0)) = 2T(eo, €;), proving
the claim.
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The proof of Proposition 4.1 is elementary. First note that a result of Weyl [12] states that any torsion-free connection
projectively equivalent to V is of the form V{jV = VyV — a(U)V — a(V)U for some one-form «. The volume form . can
be written as a positive function times the volume element of the metric g which we denote by dg. If we normalize so

_(n+1
that u = e ("—1)fdg for some function f, then we obtain Viju — Vyu = (%) U(f )i, while a standard formula yields

o — Vyu = (n+ Da(U)u. Hence o = % is the unique choice of one-form that makes  parallel.
Based on this, we define the weighted connection V/ by the formula

ViY = Wy —

df(X)Y — ! " df(Y)X. (4.1)

1
(n—1) (n—1)
We note that V/ depends not only on f but on g as well. However, since we will always think of the background metric g as
being fixed, we will not emphasize this dependence. We also see that this definition works in the case where the manifold is
non—Prientable, even though there is no global volume form. The connection V/ will make the locally defined volume form
n+
et dg parallel.
The curvature tensor of V/ is

RV (X,Y)Z =R(X,Y)Z + o 1 1)Hess(f)(Y, ZX — o 1 1)Hess(f)(x, 7)Y
(4.2)
1 1
+ Y OOX — = AT
In particular,
Ric™ (Y. Z) = Ric(Y. Z) + Hessf (Y. Z) + ——df (Y )df (Z).
(n—1) (4.3)

=Ric/(Y.Z).

This shows that the Bakry-Emery geometry in the case of N = 1 can be interpreted as the geometry arising from a projective
structure.
We will also have need of the notion of conformally related connections

VY = VyY —

(n12) XY + Y )X —g(X, Y)VS]. (4.4)

If V is the Levi-Civita connection of g then V is the Levi-Civita connection of

- _ 2
g:=e -2g, (4.5)

The curvature of g is given by

RX,Y)Z =R(X,Y)Z + [(Hessf(Y, Z)+ ;Vyfvzf) X

1
(n—2) (n—2)

— (Hessf(X,Z) - VXfVZf) Y:|

1
(n—2)

[g(x, Z) (g”(-, Hessf(-, Y)) + Vnyf) (4.6)

1
(n—2) (n—2)

g(Y.2) (g—lt-,Hessf(-,X)H ! ww)]
n=2)

1
- m [g(Y,Z2)X — g(X, Z)Y] |df|§ .

We call a parametrized curve an f-geodesic if it is a geodesic for the connection Vf. We will refer to the usual geodesics
for the Levi-Civita connection as g-geodesics, while geodesics of the connection V will be called g-geodesics.

Lemma 4.2. Let y : [a, b) — M and define
t
—2foy(r
s(t) =f e % |t e (a,b) (4.7)
a

for a constant «.
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(1) If y isag-geodesic, « =n — 1and y = o o s then o is an f-geodesic.
(2) If v is anull g-geodesic,« =n — 2 and y = o o s then o is a null g-geodesic.

Proof. Let V denote V/ or V as appropriate. In either case, direct computation using @XX = 0 and either (4.2) or (4.4) with
g(X, X) = 0yields

A 2
VX = —=X(F)X (4.8)
o
wherea =n— 1ifV = VW anda = n — 2 if V = V. This can be written as
VX =0,
(4.9)
®
X = e &%

) N 2(t)
Finally, let X = ‘(%’,X = ‘fi—[s’ where y(t) = (o o s)(t). Thus % —e a. Integrate. O

We now turn to a brief discussion of Jacobi fields along geodesics of the weighted connection and null geodesics of the
conformal connection.

Lemma 4.3. If Ais ajacobi tensor field defined by the connection V along the timelike or null g-geodesic y(t) then

A=eTlp (4.10)

is a Jacobi tensor field with respect to the connection \% along the reparametrized geodesic o where y = o o s, with s given by
(4.7). Here either

(1) ? = Yf, a =n — 1, and y is a timelike g-geodesic, or
(2) V=V,a =n-—2,and y is anull g-geodesic.

Proof. Recall that Jacobi tensors are (1, 1)-tensor fields along y that are orthogonal to y’ and obey A”(t) + RA(t) = 0, where
R(A) := R(A, y")y’ and the overhead bar indicates that we take the quotient by y’ (which is a necessary additional step when
y’ may be null).

Using X = y/(t) and X as given by (4.9), we define either that IA?(A) = va(A, )2))2 and we use (4.2) to compute it, or we
define ﬁ(A) = RY(A, X ))2 and we use (4.6) (with X null in this case). Either way, a short calculation results in

R(A) = e¥/ [R(A) + e/ (Vx kel /%) A} . (4.11)
On the other hand, a simple calculation using (4.10) and the reparametrization (4.7) yields
d’A

1 "(£))?
G =V {A”(r) . [f”(t) + m}
ds o o
where as usual f(t) := (f o y)(t). Combining (4.11) and (4.12), we obtain
@A | 2 e (4 4 R
=t (A) = e’/ {A"(t) + R(A(t))} =0, (4.13)
verifying that A as defined in (4.10) obeys the equation of a Jacobi tensor with respect to the connection V. O

Using (cf Eq.(2.8))

A(t)} (4.12)

B A1 _Vaf. (4.14)
ds ds

and (4.10) we now immediately obtain the following result.

Lemma 4.4.
B=e¥/e,
6=6=0o, (4.15)

0 =e’lg =e¥/* (6 —V,f) .
A hypersurface S is totally umbilic if B = Fh for a function F : S — R, where h is the induced metric on S (h is degenerate

if S is null). If a hypersurface S obeys B = 0ateach point, then S is totally umbilic in (M, g). The t = const slicesinthe N = 1

warped product splitting obey B = 0and are totally umbilic in (M, g) (see the paragraph containing (3.14)). An application
with V = V arises in Section 5.
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4.2. Completion of proof of Theorem 1.5

Consider the twisted product metric (3.14) (this is greater generality than necessary; for Theorem 1.5 it is sufficient to
begin from the warped product (3.18).) There is a relation between geodesics of (M, g) (of any signature) and a special class
of curves in the t = 0 hypersurface (X, h). Specifically, if V is the Levi-Civita connection compatible with g and D is the
connection compatible with h, and if n(1) = (w(k), (60 s)(A)) is a geodesic of (M, g), then a straightforward calculation

using s = foA e~ ¥ =N/(n=1)dr shows that

Bro(5) = (o510 () l s

V,)/()\)W],()\) =0 (4.16)
1. ]
"(2) = ——h(o’! , ’ = ,—2f/(n—1) ,
w' () 3 (U(S)G(S))ate

where s = s(1), f(t, x) = f(t(1), x(1)), and grad;, := ff](bf, -). Furthermore, it follows from the equation on the top right of
(4.16) that

h(o'(s), o'(s)) = Ae¥ /(1) | (4.17)

where A is mdependent of s and otherwise arbitrary. [Proof: Contract the equation on the top right of (4.16) against h(c”, -)
to obtam s log h(o’o’) = (n ) D /f and integrate along o.] We may take A = 1, and then the equations on the right of (4. 16)
reduce to

. 1.
Dorigo'(s) = — EDezf/("”)
4.18
P (418)
w = .
(n—1)ot

One can define a map e’@p : T, X — X which sends a vector v € T, X to the point in X' at parameter distance s = |v|; along
the solution curve o of this differential system, where ¢ has initial tangent vector v = ¢”’(0) at p = ¢ (0). The resulting curve
is the projection of an (M, g)-geodesic in X. Conversely, for a given u = (wo, vo) € T,M one can first find ¢'(s) by solving
the top equation in (4.18) subject to o’(0) = vp and then, denoting W(t) := «'(t), one can solve

ey 10 o2 /(n=1)

W'(A) = — 3 Bt (4.19)
subject to W'(0) = W, to obtain (W(A), v(1)). Integrating n'(A) = (W(A), v(A)) with n(0) = p then yields a unique geodesic
lift for o in (M, g). The geodesic will be timelike, spacelike, or null depending on whether (W, vg) is timelike, spacelike, or
null.

We now specialize to the local warped product splitting (3.18). Then we can replace h in the above paragraph by h and
take f = f(t); i.e.,, Df = 0.Then the right-hand side of the top equation of (4.18) vanishes and o (s) is an h-geodesic. Likewise,
the map e’@p becomes just the usual exponential map defined by unit speed h-geodesics parametrized by s.

To finish the proof of Theorem 1.5, it is necessary to modify the local-to-global splitting argument of [8, pp 558-561].
There are two main ingredients in the argument: (i) techniques to extend tubular neighborhoods about geodesics and
(ii) parallel transport as a means of ensuring Busemann functions extend along the extended geodesics and join up properly
to Busemann functions defined on neighboring tubes. In short, we accomplish the former by finding h-geodesics in X'. These
can be lifted to timelike g-geodesics. Our timelike completeness and f-completeness assumptions then ensure that the
original h-geodesics can be extended. To accomplish the latter, we use parallel transport with respect to the V/ connection.
By a path independence property described in [8, p 557], it does not matter than the paths chosen for the transport are not
usually V/-geodesics and are sometimes h- or g-geodesics.

In slightly greater detail, as in [8, p 558, first paragraph] let pg lie on the timelike line y, and let Uy ~ (R x ¥, —dt?> @ f2h)
be a tubular neighborhood about y,. Letting Xy denote the t = 0 embedded image of X, if edge(Xy) is non-empty,
choose a sequence of points g, € Xo approaching edge(Xy) and find h-geodesics exp,(svy) € Xo joining po to each gy,
where s € [0, a,] and h(v,, v,) = 1. Find the limiting initial unit tangent vector v = lim,v, and construct the geodesic
o :[0,a) —> Xo : s > exp,(s, v). Lift this, using the above procedure, to a timelike geodesic » : [0, b) — M (where
a = s(b)). By timelike geodesic completeness, 1 can be extended to n(b), so o extends to o(a) € edge(Xy).

A simple calculation on the tubular neighborhood Uy yields

9 1, k)
a el
(I el
=V = 1)f( e ® o (4.20)

v (ezm)/(n—l)%) _o0.
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Thus P = eX®/("=D.2 s V/-parallel in U. In particular, P is the unique vector field obtained by V/-parallel transporting
along o : [0,a) — 20 the vector e¥(0/(n-1)2 | based at po. Since o extends to o(b) € edge(X;), so does P. Although

o is not geodesic with respect to V/, this does not matter since P is globally V/-parallel in U, for by a simple argument
(see [8 (14.44) p 557]), the extension of P to edge(Xy) is indeed path-independent and thus well-defined. Next define
N| e~ O/n=Np(q,) = 2| (recall Xy > g, — pq)and deﬁneN|p = e~ 40/("=Dp(p,). As in [8], at each q,, we can use
the exponentlal map for g- geo&esms to obtain timelike lines expg, (tqu ) orthogonal to X, and then y,, (t) := exp, (tN|,, )
will also be a timelike line orthogonal to X. Having proved local splitting about a timelike line in Section 3, we can apply
this result now to obtain a local splitting in a tube U; about y,.

We now paraphrase the next step in the argument in [8] as follows. One can now define two fields P as above, namely,
the original field, say Py = P, constructed by V/-parallel transport of the vector e/(©/(n=1).2 |p0 based at p, and the new

field P, constructed by V/-parallel transport of the vector e(©/(n=1).2 |p1

based at p;. But since the two base vectors here

are also related by V/-parallel transport, P; is derived from the same transport process as Py, both beginning with the same
base vector at pg, except that the path that gives P; must pass through p;. By the path independence property, the resulting
vector fields agree everywhere on Uy N Uy, and so do the related Busemann functions.

Indeed, the entire remainder of the argument in [8] extending the local splitting to a global one follows by replacing
parallel transport with the Levi-Civita connection V by parallel transport with V/ at each step in [8].

Finally, it is clear that h is a complete metric on the spacelike factor X for, if it were not, then there would be an
inextendible h-geodesic of finite arclength. Let this geodesic o (s) have initial endpoint p = o(0). Then it lifts to a timelike
geodesic with initial tangent v(0) = (2, ¢’(0)) at p. Since the proper time A along this geodesic is related to the arclength s of
obys= foA et/ (=T)qr the condition that o extends to arbitrarily large s is precisely the f-completeness criterion for
its lift. Hence incompleteness of o would imply a violation of timelike f-completeness, a contradiction. Thus, h is a complete
metric on X and the proof of the N = 1 case of Theorem 1.5 is now finished.

5. The null splitting theorem
We recall Galloway’s null splitting theorem:

Theorem 5.1 (Galloway, [7]). Let (M, g) be a null geodesically complete spacetime which obeys Ric(X, X) > 0 for all null vectors
X and contains a null line n. Then n is contained in a smooth, closed, achronal, totally geodesic null hypersurface.

We note that under a conformal transformation of the form (4.5), the Ricci tensor transforms as

1
Ric; = Ric, + Hess,f + ——df @ df + —— [Af + |df 2] g
(n—2) (n—2)
1 (5.1)
=Ric? + —— (A_
icf + 2 (Af) e,
where Ay :== A — Vyy is the drift Laplacian. Furthermore, a simple calculation shows that
) . (2—N)
Ric? = Rid + —————df ®d, 5.2
1Cy lcf+(n—N)(n—2)f® If (5.2)
SO we can write
. ) (2—N) 1
Ric; = Ric¥ + —————df ®d A . 5.3
icg lcf+(n—N)(n—2)f® f+(n—2)( if)e (5.3)

Lemma 5.2. If N € [—o0, 2] U (n, 00], NCD(N) = Ricz(X, X) > 0 for all null X.

Proof. Immediate from (5.3). O

We are now ready to prove our null splitting theorem.

Proof of Theorem 1.6. We are given that (M, g) admits a null line n; i.e., an inextendible, achronal geodesic. It remains
achronal after a conformal transformation (4.5) and remains geodesic 7 after reparametrization, where n = 7 o s with s
given by (4.7).1f (M, g) is null geodesically complete and f-complete, then (M, g) is null geodesically complete. Finally, since
(M, g) obeys NCD(N) for N € [—o0, 2] U (n, oo], Lemma 5.2 implies that (M, ) obeys Ricg(X, X) > 0 for all null X. Hence
(M, g) fulfills the conditions of Theorem 5.1. _

Hence 7 is contained in a smooth, closed, achronal, totally g-geodesic null hypersurface B = 0. Then

~ _2f
0=B=e7B = B;=0 = oy =0 =0and§ = V,/f (5.4)

along any null geodesic generator y of S, where the last implication uses Lemma 4.4. This proves Theorem 1.6.(ii). We further
note that from the Raychaudhuri equation (2.9) and NCD(N), we see that Ric;'(y/, y’) = 0, while from (2.10) we see that the
f-generic condition fails.
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When N € [—o00,2) U (n, o] (i.e, N # 2) Eq. (2.9) and NCD(N) also imply that V,.f = 0. This proves Theorem 1.6.(i).
Further we then obtain that Ric(y’, y’) = 0 along the null generators of S, and as well R = 0, so the generic condition fails
alongy. O

Remark 5.3. In the case N = 2, it is not possible to obtain any rigidity of the function f. To see this simply let (M, g) be any
null geodesically complete spacetime which obeys Ric(X, X) > 0 for all null vectors X and contains a null line. Let f be any

f
smooth bounded function on M and let g = en-2. Then (M, g) will satisfy all of the hypotheses of Theorem 1.6.
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